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Abstract
The quality of an artificial intelligence-based tutoring system is its ability to observe
and interpret student behaviour to infer the preferences and needs of an individual stu-
dent. The student model enables a comprehensive representation of student knowledge
and affects the quality of the other intelligent tutoring system’s (ITS) components. The
Bayesian knowledge tracing model (BKT) is one of the first machine learning-based
and widely investigated student models due to its interpretability and ability to infer
student knowledge. The past Twenty-five Years have seen increasingly rapid advances
in the field, so this systematic reviewdealswith theBKTmodel enhancements by using
the PRISMA guidelines and a unique set of criteria, including 13 aspects of enhance-
ments and computational methods. Also, the study reveals two types of evaluation
approaches found in the literature, including the prediction of student answers and
the ability to estimate knowledge mastery. Overall, the most frequently investigated
enhancements extended the vanilla BKT model by including student characteris-
tics and tutor interventions. The educational context-based enhancements of domain
knowledge properties, question difficulty and architectural prior knowledge were also
frequently investigated enhancements. The expectation–maximization algorithmprac-
tically became the standard in estimating BKT parameters. While the enhanced BKT
models generally overperformed the vanilla model in predicting the student answer
by using the measures such as RMSE (root mean square error), AUC–ROC (area
under curve, receiver operating characteristics curve) and accuracy, only a few studies
further investigated the systems’ estimations of knowledge mastery by correlating it
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to knowledge on post-tests. The most frequently used educational platforms included
ITSs, Massive Open Online Courses (MOOCs) and simulated environments.

Keywords Student modelling · Bayesian knowledge tracing · Intelligent tutoring
systems · Educational data mining

1 Introduction

In the traditional face-to-face learning environment, teachers use various methods
(class discussions/observations, questioning, assignments, tests, and individual/group
work) to assess students’ learning progress and make decisions about their instruc-
tional strategies. During this process characterized by uncertainty, the teacher’s task
is to estimate the student’s current knowledge level and adapt the teaching approach.
Since students differ in prior knowledge and learning abilities, their knowledge assess-
ment can be challenging even for experienced teachers. Amore appealing environment
is the tutoring environment—a one-on-one tutor–student interaction in which technol-
ogy mimics human teachers. Such an environment enables personalized and adaptive
tutoring, considering potential difficulties and misconceptions.

The researchers of the interdisciplinary field of cognitive science, artificial intel-
ligence, and educational technology have computerized teaching and learning by
developing various types of educational platforms since the 1960s, e.g. computer
assisted instruction (CAI) systems (Skinner 1954), intelligent tutoring systems (ITS)
(Sleeman & Brown 1982), intelligent learning environments (ILE) (Wenger 1987),
adaptive instructional systems (AIS) (DeFalco & Sinatra 2019), etc. Although dif-
ferent, all these platforms target adaptive and intelligent behaviour. The extensive
research on ITS confirmed its standard architecture, consisting of the domain knowl-
edge module (includes information about what to learn), the student module (what
is the current knowledge of a student), the tutoring module (how to teach), and the
communication module (tutor–student interface) (Freedman et al. 2000; Nkambou
et al. 2010; Nwana 1990; Self 1974; Woolf 1992). The quality of an ITS is its ability
to observe and interpret student behaviour to infer the preferences and needs of an
individual student. The student model defined in the student module is an essential
component of the ITS that provides adaptive and personalized tutoring. It enables a
comprehensive representation of student knowledge and affects the quality of other
modules.

The main challenge of the student model is the knowledge inference process that
aims to estimate the knowledge level during the tutoring process. In student–tutor
interaction, the tutor maintains an estimate of the probability that the student has
learned each of the rules in the ideal model, in the process called knowledge trac-
ing (Corbett & Anderson 1995). Over the years, researchers used different machine
Learning (ML) techniques to model student knowledge. The probabilistic Bayesian
Knowledge Tracing (BKT) is the most investigated approach, first proposed by Corbett
and Anderson (1995). The BKT uses the HiddenMarkov model as a specific Bayesian
network that models the student’s knowledge mastery as a latent variable. In the BKT
model, knowledge components (KC) represent skills or concepts the student learns.

123



Twenty-five years of Bayesian knowledge tracing: a systematic review

For each KC, the model maintains a set of parameters to calculate the overall probabil-
ity of knowledge mastery. Since the vanilla term refers to technology not customized
or updated from its standard form, the BKTmodel proposed by Corbett and Anderson
is later called the vanilla BKT model.

Researchers have been able to validate and refine the BKT model for over Twenty-
five Years due to the availability of ITS’s and the wealth of data they provide. They
proposed variousBKTenhancements, but several studies focused on studentmodelling
approaches (Anouar Tadlaoui et al. 2016; Brusilovsky & Millán, 2007; Chrysafiadi
& Virvou 2013; Desmarais & Baker 2012; Harrison & Roberts 2012; Kurup et al.
2016; Liu et al. 2021b; Pavlik et al. 2013; Pelánek 2017; Ramírez Luelmo et al. 2021;
Sani et al. 2016; Vandewaetere et al. 2011; Zafar & Ahmad 2013). The educational
technology and data analytics literature still lacks a comprehensive and organized
compilation of all existing research on the family of BKT models, including the latest
advancements. This review study applies the Preferred Reporting Items for Systematic
Reviews and Meta-Analysis (PRISMA) guidelines (Moher et al. 2009), including
(i) rationale, objectives, and research questions, (ii) eligibility criteria, information
sources, and a search strategy, (iii) screening process and study selection and (iv) data
collection and features.

The study aims to answer the following Research Questions (RQ):
RQ1: What has been proposed in the literature to enhance the vanilla BKT model

since its emergence in 1995?
RQ2:Which evaluation approaches, including data collected from educational plat-

forms and performancemeasures were part of the research on the BKT enhancements?
This study can contribute to a more detailed understanding of how to advance BKT

models. It can be appealing to researchers and practitioners in this interdisciplinary
field, who look for systematic reviews and potential directions for new models. Since
the researchers typically compared the enhanced BKT models to the vanilla model,
the unique set of vanilla assumptions provided a basis for the review criteria.

The remainder of this paper is structured as follows: Sect. 2 dealswith the theoretical
background and Sect. 3 describes the vanilla BKT model. Section 4 provides the
methodology, including the research questions and the proposed criteria of the review
process. The results and discussion are presented in Sects. 5 and 6, followed by the
conclusion in Sect. 7.

2 Theoretical background

The background section aims to present (i) the use of BKT in the previous review
studies on student modelling, (ii) the overview of ML techniques used for student
modelling and (iii) the comparison of the Bayesian network-based BKT model to the
logistic regression-based and neural network-based models.

This summary of previous literature on student modelling refers to overviews
(Brusilovsky & Millán, 2007; Desmarais & Baker 2012; Harrison & Roberts 2012;
Kurup et al. 2016; Vandewaetere et al. 2011), reviews (Anouar Tadlaoui et al. 2016;
Liu et al. 2021b; Pavlik et al. 2013; Pelánek 2017; Sani et al. 2016; Zafar & Ahmad
2013) and systematic literature reviews (Chrysafiadi &Virvou 2013; Ramírez Luelmo
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et al. 2021). Table 1 provides the complete list of proposed taxonomies of studentmod-
elling approaches in descending chronological order, including references, a research
focus and the proposed taxonomy of student modelling approaches. The BKT-related
student modelling approaches are in italics.

Table 1 Proposed taxonomies of student modelling approaches

References Research focus Proposed taxonomy of student
modelling approaches

Liu et al. (2021b) The review from the technical point
of view

Probabilistic models; Logistic
models; Deep learning-based
models

Ramirez Luelmo et al. (2021) The systematic review of machine
learning techniques (2015–2020)

Bayesian Knowledge Tracing;
Deep Knowledge Tracing;
Long-Short Term Neural
Networks; Bayesian
Networks; Support Vector
Machines; Dynamic
Key-Value Memory
Network; Performance
Vector Analysis

Pelanek (2017) The review focused on the macro
adaptive behaviour (curriculum
sequencing) (2014–2020)

Bayesian Knowledge Tracing;
Logistic models

Anouar Tadlaoui et al. (2016) The review focused on Adaptive
Educational Systems

Overlay; Stereotype; Machine
Learning; Plan Recognition;
Differential; Perturbation;
Bayesian Networks

Sani et al. (2016) The review focused on Intelligent
Tutoring Systems (2010–2015)

Bayesian Knowledge Tracing;
Fuzzy Logic; Overlay;
Differential; Perturbation;
Constraint-based; Machine
Learning; Stereotype

Kurup et al. (2016) The overview focused on
Intelligent Tutoring Systems

Overlay; Bayesian Network;
Correct First Attempt Rate;
Performance Factor
Analysis; Tabling; Bayesian
Knowledge Tracing

Zafar & Ahmad (2013) The review of the student
modelling approaches under
uncertain conditions

Student modelling using
statistical reasoning
(Bayesian Networks,
Reasoning using Certainty
Factors); Fuzzy Modelling

Pavlik et al. (2013) The review focused on Intelligent
Tutoring Systems

Overlay models (Rule Space
models, Model Tracing
models, Constraint-based
models); Knowledge Space
models; Dialogue models;
Programmed Branching;
State and Trait
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Table 1 (continued)

References Research focus Proposed taxonomy of student
modelling approaches

Chrysafiadi & Virvou (2013) The systematic review focused on
Adaptive Educational Systems
(2002–2012)

Overlay; Stereotypes;
Perturbation; Machine
Learning; Cognitive
Theories; Constraint-based
Model; Fuzzy Modelling;
Bayesian Networks;
Ontology-based Modelling

Harrison & Roberts (2012) The overview of student modelling
techniques for application in
serious games

Knowledge Tracing;
Performance Factor
Analysis; Matrix
Factorization

Desmarais & Baker (2012) The overview of the most
successful and widely used
approaches focused on the macro
adaptive behaviour (curriculum
sequencing)

Tutors for problem-solving and
solution analysis (Cognitive
tutors and Constraint-based
modelling); Content
sequencing tutors (Models of
skills—Bayesian Networks
and graphical models, IRT
and Latent Trait models,
Latent cousins DINA, NIDA,
DINO, NIDO, Bayesian
Knowledge Tracing, Models
without hidden nodes)

Vandewaetere et al. (2011) The overview of the parameters that
are included in the student model
when developing adaptive
learning environments

Stereotypes; Feature-based
modelling; Combination of
stereotypes and feature-based
modelling; Other approaches
(Constraint-based modelling
and Modelling of
misconceptions)

Brusilovsky & Milan (2007) The overview focused on Adaptive
Hypermedia and Adaptive
Educational Systems

Overlay; Uncertainty-based
modelling

We emphasize that the previous research studies on student modelling approaches
originated from the research community of ITS and adaptive instruction.We acknowl-
edge that we are aware of a large body of work on cognitive diagnostic modelling and
psychometrics that come from different research communities (e.g. Item Response
Theory, DINA and its family of models), but we do not additionally include these
approaches in the review of ML methods for student modelling.

Each study in Table 1 gave an overview of student modelling approaches related
to specific educational platforms, adaptive behaviour or used techniques. In the
early reviews, ML techniques were already the basis for different student modelling
approaches. Over time, new techniques complemented the previous student modelling
taxonomies. However, the new taxonomies of student modelling approaches are still
adopted, and there is no consensus on the correct taxonomy.
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As the subfield of artificial intelligence,MLworks on algorithms enablingmachines
to learn through experience and using data (Mitchell 1997). ML techniques used for
student modelling enhance the adaptiveness and intelligence of educational platforms.
Those identified in the alreadymentioned research studies include Bayesian networks,
logistic regression, neural networks, support vector machines, fuzzy logic, and matrix
factorization (Table 2).

Moreover, Liu et al. (2021b) classified the student modelling approaches as prob-
abilistic, logistic, and deep learning-based models. Probabilistic models, such as
BKT, are based on Bayesian networks and assume that the learning process follows
a Markov process, which uses the observed states to estimate the student’s hidden
knowledge states. Logistic models, such as learning factor analysis (Cen et al. 2006)

Table 2 ML techniques identified in the research on student modelling

Research study Bayesian
networks

Logistic
regression

Neural
networks

Support
vector
machines

Fuzzy
logic

Matrix
factorization

Liu et al.
(2021b)

+ + + − − −

Ramirez
Luelmo et al.
(2021)

+ + + + − −

Pelanek (2017) + + − − − −
Anouar
Tadlaoui
et al. (2016)

+ − − − −

Sani et al.
(2016)

+ − − − + −

Kurup et al.
(2016)

+ + − − − −

Zafar &
Ahmad
(2013)

+ − − − + −

Pavlik et al.
(2013)

+ - − − - −

Chrysafiadi &
Virvou
(2013)

+ - − − + −

Harrison &
Roberts
(2012)

+ + − − − +

Desmarais &
Baker (2012)

+ + − − − −

Vandewaetere
et al. (2011)

− − − − − −

Brusilovsky &
Milan (2007)

+ − − − + −

123



Twenty-five years of Bayesian knowledge tracing: a systematic review

and performance factor analysis (Pavlik et al. 2009), predict the probability of stu-
dent performance by learning function, typically a logistic function. The last group of
knowledge tracing approaches are deep learning models, based on neural networks
(Piech et al. 2015). We support the shortest high-level classification of student mod-
elling approaches, but there is inconsistency with this classification, since the logistic
models can be considered probabilistic.

Ramirez Luelmo et al. (2021) investigated ML techniques employed in student
modelling from 2015 to 2020. Their research results indicate the most common ML
techniques as BKT (18 applications), deep knowledge tracing (13 app.), long-short
term neural networks (12 app.), Bayesian networks (11 app.), support vector machines
(7 app.), dynamic key-value memory networks (7 app.), and performance factor anal-
ysis (6 app.).

Overall, Bayesian networks are the continuously investigated ML technique used
for student modelling. The vanilla BKT based on the hiddenMarkovmodel is the most
representative and unique student modelling approach, considered by researchers in
the field as a baseline.

As for the preference between the probabilisticBayesian network-based and logistic
regression-based models, researchers often prefer one model but provide no rationale
behind their choices (Pelánek 2017). On the other side, the apparent accuracy improve-
ment of deep learning-basedmodels overBKTwas due to the high-dimensional hidden
space and ability to observe interleaved skills in a single model (Montero et al. 2018).
The comparison between neural network-based research and the vanilla BKT model
revealed that simply enabling the forgetting parameter of the vanilla model led to a
performance close to deep knowledge tracing on several datasets (Badrinath et al.
2021; Khajah et al. 2016). Based on Bayesian statistics, the BKT model assumes
knowledge and performance nodes with binary states and is more interpretable than
the neural network-based model. This work differs from other literature reviews on
several accounts since it:

• Focuses on the probabilistic BKT models,
• Systematically covers the research works published since the introduction of BKT
in 1995 up to the most recent research in 2022,

• Reviews theBKTenhancements and evaluation approaches, including datasets from
educational platforms and the performance measures found in the literature.

3 Bayesian knowledge tracing

This section provides a brief description of the vanilla BKT model. It is one of the
first ML knowledge tracing models introduced by Corbett and Anderson (1995) and
is considered the first significant milestone of the Educational Data Mining research
field (Baker & Inventado 2014).

The vanillamodel results from thework of theACTProgrammingTutor and reflects
theACT-Rcognitive theory (AdaptiveControl ofThought–Rational) (Anderson1993),
which states that mastering a complex skill implies its components and the use of the
Bayesian computational procedure identified in Atkinson’s work (Atkinson 1972).
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A Bayesian network is a probabilistic graphical model for representing knowledge
about an uncertain domain,where each node represents a random variable and directed
edges between nodes indicate probabilistic dependencies between these variables. A
Hidden Markov Model (HMM) is a special Bayesian Network for tracing not directly
observable (hidden) nodes using the observable node states. In BKT, hidden nodes
represent student knowledge and observable nodes represent student performance.
Both types of nodes are assumed to be binary, including the unlearned and learned
knowledge states and the correct and incorrect performance states.

Figure 1 shows the hidden student knowledget , t ∈ {1, 2,…T} and observable student
performancet nodes, t ∈ {1, 2,…T} of the vanilla HMM. While P(L0) is the initial
probability of knowledge before any opportunity of applying it (prior knowledge),
there are also transition and emission probabilities. The transition probabilities refer
to the probability P(T) of a knowledge transitioning from unlearned state to learned
state and to the probability P(F) of forgetting a previously known knowledge which is
assumed to equal zero in the vanilla model. The model defines emission probabilities
by guessing the probability of correctly answering unlearned knowledge P(G) and
the slip probability of making a mistake when answering a learned knowledge P(S).
Figure 2 shows the complete set of vanilla model parameters consisting ofP(L0), P(T),
P(G), and P(S) in a matrix form.

The main task of the vanilla model is to estimate the probability that a student has
mastered the knowledge at time step t, denoted by a learning parameter P(Lt), t ≥ 0.

Fig. 1 The vanilla BKT model and its instantiation process—based on Zhang and Yao (2018)

Fig. 2 BKT parameters in a matrix form (Yudelson et al. 2013)
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The model updates the probability P(Lt) after each opportunity to apply knowledge
given an observed correct or incorrect response as follows:

P
(
Lt−1|Correctt

) � P(Lt−1)(1 − P(S))

P(Lt−1)(1 − P(S)) + (1 − P(Lt−1))P(G)
(1)

P
(
Lt−1|Incorrectt

) � P(Lt−1)P(S)

P(Lt−1)P(S) + (1 − P(Lt−1))(1 − P(G))
(2)

If evidencet ∈ {Correctt , Incorrectt} represents the observable correctness of a
student’s answer after an opportunity t to apply knowledge, the updated probability
for the following time step is defined as:

P(Lt ) � P
(
Lt−1|evidencet

)
+ (1 − P(Lt−1|evidencet )) ∗ P(T ) (3)

Using the evidence from the current step, the model first calculates the probability
that the student knew the answer before making an attempt. Then, taking this into
account, it computes the likelihood that the student learned it after making the attempt.
The previous Eqs. (1), (2) and (3) are based on the original BKT publication (Corbett
& Anderson 1995), and the similar notation appears in the work by Zhang and Yao
(2018).

Regarding the BKT parameter estimation procedure, Corbett and Anderson (1995)
discussed individualization per skill and individualization per student of all four BKT
parameters. The individualized BKT model resulted in a better correlation between
actual and expected accuracy across student results than the non-individualized BKT
model whose accuracy of predicting student test scores (after a period of working
with a tutoring system) did not improve tangibly (Yudelson et al. 2013). Finally, the
parameter fitting procedure of the vanilla model relates to expert-based estimations of
the four BKT parameters per skill.

4 Methodology

The methodology used in this work is in line with the PRISMA guidelines (Moher
et al., 2009) consisting of (i) rationale, objectives and research questions, (ii) eligibility
criteria, information sources, and a search strategy, (iii) screening process and study
selection and (iv) data collection and features. Sincewehave elaboratedon the rationale
and objectives in the previous sections, we proceedwith the criteria, sources and search
strategy of works that fall under the scope of this systematic review.

The main eligibility criterion referred to scientific works on the vanilla BKTmodel
enhancements published in the relevant scientific databases until 2022. The imple-
mentations of the BKT enhancements could proceed in two directions, including the
Bayesian network architecture/educational context and new computational methods.

We searched the scientific databases indexing quality-proven journals and confer-
ence proceedings, including the Web of Science (Core Collection), Scopus, ACM
(Full-Text Collection), IEEE Xplore, and Google Scholar (the final refinements made
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in March 2023). The search strategy included the expression knowledge tracing and
versions of the words Bayes and probabilistic, contained in the publication abstracts.
Due to the extensiveness of the Google Scholar database, we searched the publica-
tion titles using the expression Bayesian knowledge tracing. Table 3 shows the search
details with the number of publications. Figure 3 shows the PRISMA flow diagram of
the publication identification and screening process.

Out of 409 results from the five academic databases, we compiled 223 publications
(177 duplicates and 9 conference proceedings removed).

The screening of abstracts resulted in 84 excluded publications, which were off-
topic, written in languages other than English or as a programming code.

In the second phase of screening 139 full-text manuscripts, we excluded 83 publi-
cations due to the eligibility criteria, not retrieval, or the language other than English.

The full-text reading phase included the remaining 56 publications in which we
found 17 references and cited in this review. Those publications were part of specific
events (e.g. Chang et al. (2006b) presented at the 21st Annual meeting of the American
Association for Artificial Intelligence), conferences not indexed in scientific databases
for the given year (e.g. International Conference on Educational Data Mining in 2014)
or works indexed using different keywords (e.g. Baker et al. (2008b)).

Finally, this systematic review includes 73 publications and the original BKT pub-
lication.

To get a closer insight into the publications included in the review, we provided the
yearly heatmap of the most frequent sources of BKT research in Table 4, in which
‘Other’ denotes sources that contributed to the review study with a single publication.
The most common sources were scientific conferences, including the International
Conference on Educational Data Mining (EDM), International Conference of Intel-
ligent Tutoring Systems (ITS), International Conference of Artificial Intelligence in
Education (AIED), International Conference on UserModelling, Adaptation, and Per-
sonalization (UMAP), ACM Conference on Learning at Scale (L@S), International
Conference on Learning Analytics & Knowledge (LA&K), IEEE Conference on Big
Data (IEEEBigData) and theUserModelling andUser-Adapted Interaction (UMUAI)

Table 3 Database search details

Database Search query (—2022) #

Web of science “knowledge tracing” (Abstract) AND (bayes* OR probab*)
(Abstract)

89

Scopus ABS ( “knowledge tracing”) AND ABS ( ( bayes* OR
probab*))

200

ACM [Abstract: “knowledge tracing”] AND [[Abstract: bayes*]
OR [Abstract: probab*]]

25

IEEE Xplore (“Abstract”:”knowledge tracing”) AND (“Abstract”:bayes*
OR “Abstract”:probab*)

20

Google Scholar Allintitle: “bayesian knowledge tracing” 75
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Fig. 3 PRISMA flow diagram of the publication identification and screening process

Table 4 Heatmap of the most frequent sources of publications in the research of BKT enhancements
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Journal. There was an increase in publications in 2008, 2010, and between 2013 and
2018.

To address RQ1 and elaborate on various enhancements of the BKT, we found
the vanilla model assumptions as appropriate review criteria. The vanilla assumptions
derive from the architectural and educational context-based properties of the vanilla
BKT model proposed by Corbett and Anderson in 1995. The architectural properties
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refer to the Hidden Markov model elements, including the nodes with corresponding
states and the relationships between nodes (assumptions A01-A07 in the following
text). The educational context-based properties include the vanilla assumptions on
the knowledge component dependence, question difficulty and answer attempts (A08-
A10).

The theory of knowledge inference in the vanilla model consists of the knowledge
node with the binary learned and unlearned state (A01) and the performance node with
the binary correct and incorrect state (A02). The prior knowledge, guessing, slipping,
and learning parameters refer to expert-based probabilities estimated per skill (A03-
A06). The model follows the no-forgetting paradigm by omitting the transition from
the learned to the unlearned state (A07). The independent knowledge components
(A08) refer to equally difficult questions used during the knowledge inference process
(A09). Although a student may have multiple attempts to answer the question in the
educational platform, the vanilla model counts only the first attempt (A10).

Besides architectural and educational context-based enhancements, to addressRQ1,
we reviewed the computational methods used in the enhanced BKT models.

Regarding RQ2, each publication that proposed enhancements evaluated the
approaches by using the datasets from specific educational platforms. Although the
diversity and specificity of these studies did not allow the direct comparison of
the reported results, this review study provides more insights into the evaluation
approaches.

5 Results

This systematic overview of BKT enhancement aspects encompassed the identified
research studies, which resulted in 62 enhanced BKT models. We noted some publi-
cations as multiple sources of the single enhanced BKT model (e.g. Beck et al. 2008;
Chang et al. 2006b). For more than one source publication per model, we considered
the year of the earlier publication as a model source year. Appendix A provides the
complete list of enhanced BKT models, source publications, model name, and a short
description.

While some of theBKTmodels addressed the architectural and educational context-
based properties of the vanilla BKT model (A01-A10), some enhancements extended
the characteristics of the vanilla BKT model. Both types of enhancement aspects
could also propose new computational methods. Therefore, we found it important to
analyse architectural and educational context-based enhancements and computational
methods separately.

Section 5.1 reviews the enhancements of the architectural and educational context-
based properties, including the specific enhancement aspect of each of the four BKT
parameters (A03-A06). Section 5.2 overviews computational methods generally used
for the parameter estimation, followed by the evaluation approaches of enhanced BKT
models in Sect. 5.3.
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5.1 The architectural and context-based enhancements (RQ1)

To review the enhanced BKT models, we proposed the enhancement criteria in line
with the vanilla BKT model assumptions. The enhancement criteria resulted from an
iterative analysis of the identified research studies and represented a unique way of
classifying the BKT enhancements. Besides those criteria found in the vanilla BKT
model (enhancement aspects EA01-EA10 in Table 5), some enhancements extended
the vanilla BKTmodelwith new aspects. Additional vanilla BKTenhancement aspects
included student characteristics (EA11), tutor interventions (EA12), and noise in data
(EA13). Table 5 shows the complete list of BKT enhancements and the related vanilla
model assumptions.

Although each change in the Bayesian network architecture directly implied the
update of BKT parameters, EA03-EA06 criteria encompassed BKT models focus-
ing on the prior knowledge, guessing, slipping and learning BKT parameters, e.g.
Contextual Guess and Slip method (Baker et al. 2008a). A yearly heatmap (Table 6)

Table 5 Enhancement criteria used to review BKT models

BKT Enhancement Aspects (EA) Vanilla BKT model assumptions (A)

EA01 Knowledge states A01 Knowledge component node in the
Bayesian network includes the binary
learned and unlearned state

EA02 Performance states A02 Performance node in the Bayesian
network includes the binary correct
and incorrect state

EA03 Prior knowledge A03 The prior knowledge probability is
defined by experts and per skill

EA04 Guessing A04 There is a probability of guessing defined
by experts per skill

EA05 Slipping A05 There is a probability of slipping defined
by experts per skill

EA06 Learning A06 The learning transition probability is
defined by experts per skill

EA07 Forgetting paradigm A07 The no-forgetting paradigm is followed
meaning that there is no transition from
learned to unlearned state

EA08 Domain knowledge properties A08 Domain knowledge fractionates into
independent knowledge components

EA09 Question difficulty A09 Questions of each knowledge component
are of equal difficulty

EA10 Multiple attempts A10 The first attempt to answer the question
counts during the modelling process

EA11 Student characteristics Not included

EA12 Tutor interventions Not included

EA13 Noise in data Not included
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Table 6 The heatmap of the research on BKT enhancements
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Total (T) 1 2 9 8 5 3 8 12 10 15 7 12 1 1 3 4 101 

presents the review of BKT enhancements. 54 enhanced BKT models addressed 101
architectural and educational context-based properties of the vanilla BKT model.

The first enhanced BKT model emerged in 2004, a decade after the vanilla model.
There was decrease in the research after 2018, probably due to the COVID-19 pan-
demic. Much research work focused on enhancements to the vanilla model as student
characteristics (20 research studies), domain knowledge properties (12 r.s.), tutor inter-
ventions (10 r.s.), and question difficulty (9 r.s.). The most investigated enhancements
extended the vanilla BKT model, more specifically student characteristics and tutor
interventions. Themost investigated educational context-based enhancements referred
to domain knowledge properties and question difficulty, while the most frequently
investigated architectural enhancement included the prior knowledge.

Since each examined research study could enhance one or more of the proposed
criteria, we analysed the most frequent variations of the investigated BKT enhance-
ments. It is worth noting that a single criterion represents the simplest enhancement
variation. The results are presented in Table 7, and variations found in a single research
study are summarized as ‘Other’.

Table 7 The variations of investigated BKT enhancements

# BKT enhancement aspects (EA) # Enhanced BKT models

1 EA11 Student characteristics 9

2 EA08 Domain knowledge properties 7

3 EA03 Prior knowledge 5

4 EA04 Guessing, EA05 Slipping, EA11 Student
characteristics, EA12 Tutor interventions

3

5 EA09 Question difficulty, EA11 Student characteristics 2

6 EA11 Student characteristics, EA12 Tutor interventions 2

7 EA13 Noise in data 2

8–31 Other 24
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Among 31 enhancement variations, the results indicate that the single criteria of
student characteristics, prior knowledge and domain knowledge properties were the
most frequently investigated variations. The most frequent combination of enhance-
ments found in 3 research studies included guessing, slipping, student characteristics
and tutor interventions criteria.

Table 8 shows the research related to each BKT enhancement and the discussion
section elaborates on the approaches.

Table 8 Enhanced BKT models per proposed criteria

BKT Enhancement Aspects (EA) BKT models

EA01 Knowledge states Halpern et al. (2018), F. Liu et al. (2021a),
Schodde et al. (2017), Yudelson et al. (2008),
K. Zhang & Yao (2018)

EA02 Performance states David et al. (2016), F. Liu et al. (2021a),
Ostrow et al. (2015), Y. Wang et al. (2010), Y.
Wang & Heffernan (2013), Z. Wang et al.
(2016), Yudelson et al. (2008)

EA03 Prior knowledge Eagle et al. (2016a, b, Eagle et al. (2017),
Nedungadi & Remya (2014, 2015), Pardos &
Heffernan (2010), Song et al. (2015), S.
Wang et al. (2017), Xu & Mostow (2013),
Yudelson et al. (2013)

EA04 Guessing Agarwal et al. (2018), Baker et al. (2008a,
2008b, 2010), Pardos & Heffernan (2011),
Zhou et al. (2017)

EA05 Slipping Agarwal et al. (2018), Baker et al. (2008a,
2008b, 2010), Pardos & Heffernan (2011),
Qiu et al. (2011), Zhou et al. (2017)

EA06 Learning Adjei et al. (2013), Baker et al. (2018), Sao
Pedro et al. (2013), Yudelson et al. (2013)

EA07 Forgetting paradigm Beck et al. (2008), Chang et al. (2006b),
Halpern et al. (2018), Khajah et al. (2016),
Nedungadi & Remya (2015), Qiu et al.
(2011), Yudelson et al. (2008)

EA08 Domain know. prop Chan et al. (2022), González-Brenes et al.
(2014; Hawkins & Heffernan (2014), Huang
et al. (2016), Huang & Brusilovsky (2016),
Khajah et al. (2016), MacHardy (2015)
MacHardy & Pardos (2015), Meng et al.
(2019), Sao Pedro et al. (2013, 2014), Sun
et al. (2022), Z. Wang et al. (2016, 2016)

EA09 Question difficulty Baker et al. (2018), David et al. (2016),
González-Brenes et al. (2014), 2014a, b;
Ostrow et al. (2015), Pardos et al. (2013),
Pardos & Heffernan (2011), Zhou et al. 2017)

EA10 Multiple attempts Bhatt et al. (2020), González-Brenes et al.
(2014), Pardos et al. (2013), Yudelson et al.
(2008)
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Table 8 (continued)

BKT Enhancement Aspects (EA) BKT models

EA11 Student characteristics Agarwal et al. (2018), Baker et al. (2008a,
2008b,2010), Corrigan et al. (2015), Eagle
et al. (2018), Gorgun & Bulut (2022),
Halpern et al. (2018), 2014a, b, Khajah et al.
(2016), Lee & Brunskill (2012), Lin et al.
(2016), Lin & Chi (2016), Nedungadi &
Remya (2014), Pardos et al. (2012), Rau &
Pardos (2016), Spaulding et al. (2016), Wang
& Heffernan (2012), Xu et al. (2014),
Yudelson (2021), Zhu et al. ( 2018)

EA12 Tutor interventions Agarwal et al. (2018), Baker et al. (2008a,
2010,2008b), Beck et al. (2008), Chang et al.
(2006b), Lin et al. (2016), Lin & Chi 2016),
Ostrow et al. (2015), Rau & Pardos (2016),
Schodde et al. (2017), Wang et al. 2010),
Wang & Heffernan (2013), Yudelson et al.
2008)

EA13 Noise in data Beck & Sison (2004), Falakmasir et al. (2015),
Gorgun & Bulut (2022)

5.2 Computational methods (RQ1)

Computational methods used in the proposed BKT approaches generally referred to
the estimation of BKT parameters. Some models did not have to interfere with the
vanilla model assumptions, but primarily addressed the computational challenges, e.g.
Dirichlet priors method (Beck 2007; Beck &Chang 2007). Overall, 56 enhanced BKT
models reported the use of computational methods.

Table 9 presents the results of the review of computational methods used in the
research of BKT enhancements with over 2 applications.

Computational methods enhanced the skill-based estimations of BKT parameters
used in the vanilla model. The expectation–maximization method, first used in 2006,

Table 9 Computational methods used in the research of BKT enhancements

# Computational methods with over 2 applications # Enhanced BKT models

1 Expectation–Maximization method 24

2 Markov Chain Monte Carlo (MCMC) method 5

3 Brute force method 4

4 K-means clustering 4

5 Contextual Guess and Slip method 3

6 Knowledge Heuristics and Empirical probabilities method 3

7–31 Other 32
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Table 10 The datasets collected from educational platforms and used in the research of BKT enhancements

Educa�onal 
pla�orms 

20
04 

20
06 

20
07 

20
08 

20
09 

20
10 

20
11 

20
12 

20
13 

20
14 

20
15 

20
16 

20
17 

20
18 

20
19 

20
20 

20
21 

20
22 T 

ASSISTments 2 2 2 1 3 3 1 1 1 1 2 19 
Cogni�ve Tutor 1 1 1 2 1 2 2 2 2 1 1 2 1 19 
Simulated data 1 2 1 2 1 7 
MOOC 1 1 2 1 5 
JavaGuide 1 1 1 3 
Reading Tutor 1 1 1 3 
Andes Tutor 2 2 
Inq-ITS 1 1 2 
Robot Tutor 1 1 2 
Other 1 1 2 1 6 2 3 1 1 18 
Total (T) 1 1 1 2 1 4 4 3 8 12 7 14 4 8 3 1 3 3 80 

Table 11 Performance measures used in the research of BKT enhancements

# Performance measures with over 2 applications # Enhanced BKT models

1 RMSE 28

2 AUC–ROC 23

3 Accuracy 20

4 MAE 8

5 Correlation 3

6–14 Other 13

practically became the standard (24 research studies). The other computational meth-
ods included theMonte Carlo method (5 r.s.), the Brute force method (4 r.s.), K-means
clustering (4 r.s.), the Contextual Guess and Slip method (3 r.s.), and the Knowledge
Heuristics with Empirical Probabilities method (3 r.s.).

5.3 Evaluation approaches (RQ2)

Concerning the evaluation approaches, we reviewed educational platforms and per-
formance measures used in the research of BKT enhancements.

Table 10 shows a yearly heatmap of the educational platforms used in the reviewed
publications. We summarized those platforms with a single application as ‘Other’
denotes platforms with a single application).

Besides ITSs, we found the application of the BKTmodel enhancements inMassive
Open Online Courses (MOOCs), game-based platforms, and online learning plat-
forms in human resources training. The research on the BKT enhancements typically
included theCognitive Tutor (19 r.s.) and theASSISTments (19 r.s.). Other educational
platforms with over 2 applications were to MOOCs (5 r.s.) and simulated datasets (7
r.s.). The MOOC environments included the edX, the Coursera, the Khan Academy
and the Junyi Academy.

As for the domain, the examined datasets related to Math (38 r.s.), Language learn-
ing and Programming (per 7 r.s.), Genetics, Physics and Engineering (per 3 r.s.),
Science (per 2 r.s.), and Medicine and Chemistry (per single r.s.).
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Regarding the used performancemeasures, Table 11 shows themost frequently used
performance measures in the research of BKT enhancements with over 2 applications.

Themost frequently used performance measures included the RMSEmeasure (root
mean square error, 28r.s.), theAUC–ROC (area under curve, receiver operating charac-
teristics curve, 23 r.s.) and the accuracymeasure (20 r.s.). These performancemeasures
are frequently used metrics for classification tasks in the machine learning field.

6 Discussion

The following subsections discuss the BKT enhancements based on the proposed
aspects (EA01-EA13) and computational methods (RQ2), as well as the evaluation
approaches of enhanced models (RQ2).

6.1 BKT enhancements (RQ1)

RQ1: What has been proposed in the literature to enhance the vanilla BKT model
since its emergence in 1995?

6.1.1 Knowledge states (EA01)

While the vanilla BKT model used the binary states of the knowledge node, several
approaches proposed additional states (Halpern et al. 2018; Liu et al. 2021a; Schodde
et al. 2017; Yudelson et al. 2008; Zhang & Yao 2018).

Yudelson et al. (2008) first researched partiallymastered knowledge as an additional
state of the hidden knowledge node. Along with a hints as an additional performance
state, forgetting, the aggregation of skills, and all attempts, the research results sup-
ported the extension of the knowledge states. From a machine learning perspective,
additional knowledge states improve the BKT model likelihood in reaching a better
agreement allowing for a different knowledge state at every time step.

To better quantify the system’s uncertainty about the learner’s skill in adaptive lan-
guage tutoring, Schodde et al. (2017) investigated six states of the knowledge node
based on the discrete values of mastery percentage belief (0%, 20%, 40%, 60%, 80%,
100%). Compared to the randomized training, the adaptive model proved more suc-
cessful. However, there was no significant difference across experimental conditions
in the case of the post-test results.

Zhang and Yao (2018) proposed trisection of the learning process using three-way
decision theory. Besides the unlearned and learned knowledge states, they introduced
the learning knowledge state. The results of the comparative experiments demonstrated
the improved prediction accuracies over the vanilla model.

While Halpern et al. (2018) investigated the integration of the neuroimaging record-
ings (fMRI) into the knowledge tracing model and proposed the third permanently
learned knowledge state. A more elaborated model of memory leveraged more subtle
dynamics of the fMRI data.

123



Twenty-five years of Bayesian knowledge tracing: a systematic review

Liu et al. (2021a) used fuzzy methods to capture fine-grained changes in student
cognition; the type-1 method for fuzzification of concepts and relations and type-2
method for relations. The experimental results revealed the better performance results
than the baseline bisection BKT models.

6.1.2 Performance states (EA02)

As for hiddenknowledge node, the binary states of performance nodewere additionally
investigated in the literature (David et al. 2016; Liu et al. 2021a; Ostrow et al. 2015;
Wang et al. 2010; Wang & Heffernan 2013; Wang et al. 2016; Yudelson et al. 2008).

Besides the correct and incorrect state of the performance node, Yudelson et al.
(2008) proposed the third state based on the use of hints during the learning process.

Along with hints, Wang et al. (2010) used the number of attempts to assign the
partial credit score of student’s answer. The results revealed that the partial credit
improved the model fitting by only a small absolute value compared to the approach
that considers mean previous binary performance. A high relative value was reported
compared to the baseline approach based on the binary performance and student id.

By keeping the vanilla model architecture, Ostrow et al. (2015) investigated the par-
tial credit using five credit bins (0, 0.03, 0.6, 0.7, 0.8, 1.0) based on the first response
type (attempt, hint request or scaffold request), attempt count, and hint count. The
model proposing partial credit and various problem difficulty achieved mixed perfor-
mance results. While student level analysis of partial credit tabling method achieved
better results, the analysis per problem performed about as well as the compared
approaches.

The partial credit approach introduced by David et al. (2016) treated the evidence
(the student’s score for a question) as a weighting factor determining the extent to
which the student’s response was correct. It differed from the approach by Wang
et al. (2010) since it did not rely on the expectation–maximization algorithm and
Ostrow et al. (2015) approach, not using predefinedmethods to determine the posterior
distributions. Themodel combining partial credit, item difficulty andmultiple attempts
achieved better results than compared models.

Wang et al. (2016) investigated the relations between subskills concerning the hier-
archical properties (the structure) and temporal properties in the MOOC environment.
Its enhanced architecture uses binary values (correct or incorrect) for the performance
node and the third value (no observation) if there is no student answer. Based on the
experimental results, the proposed models overperformed the vanilla model.

The fuzzy approach proposed by Liu et al. (2021a) addressed continuous score
scenarios to extend the bisection representation of student performance.

6.1.3 Prior knowledge (EA03)

WhileCorbett andAnderson (1995) initially discussed fittingBKTparameters per skill
or student, the prior knowledge enhancement aspect included additional approaches
regarding individualized prior knowledge parameter. Several works investigated how
the expert-based probability estimations used in the vanilla model could be further
enhanced (Eagle et al. (2016a, b; Eagle et al. 2017; Nedungadi & Remya 2014, 2015;
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Pardos & Heffernan 2010; Song et al. 2015; S. Wang et al. 2017; Xu &Mostow 2013;
Yudelson et al. 2013).

To individualize the vanilla model, Pardos and Heffernan (2010) compared three
approaches of the prior knowledge parameter, including the random values, cold start
heuristic (the first response), and per cent correct heuristic approach. The proposed
models fit better than the vanilla model on a significant fraction of the examined
problem sets, and the per cent correct performed the best. Also, the best strategy used
information from multiple skills to inform each student’s prior.

Xu and Mostow (2013) proposed a higher order Item Response Theory model.
The model approximated initial knowledge as students’ one-dimensional (or low-
dimensional) overall proficiency and combined it with estimated difficulty and
discrimination of each skill to estimate the probability of knowing a skill before prac-
tising it. The proposed model overperformed those using parameter estimations per
skill or per student.

Yudelson (2013) investigated how the inclusion of the individualized prior knowl-
edge and the transitional learningBKTparameterwould affect themodel performance.
The individualized models could significantly improve the accuracy of predicting the
student success. An interesting finding was that adding student-specific probability
of learning parameter proved more beneficial for the model accuracy than adding
student-specific probability of prior knowledge.

Nedungadi and Remya (2014) proposed the enhanced BKT model based on indi-
vidual priors for each student and skill and dynamic clustering of students based on
changing learning ability. They used a clustering of students and skills based on a
student and skill capability matrix to learn the prior skills and to deal with the cold
start problem (the prediction for either new skills or new students). The proposed
model achieved better experimental results than the compared models. The model
was further enhanced with forgetting (Nedungadi & Remya 2015), which resulted in
the additional and significant increase in the accuracy of the student prediction.

Song et al. (2015) investigated the prior knowledge parameter in the case of the
first-encounter knowledge prediction. The proposed model relied on the user-based
collaborative filtering and the reported experimental results proved acceptable.

Eagle et al. (2016a, b; Eagle et al. 2017) examined prior knowledge to predict
performance in the first two practice opportunities. The proposed model relied on
the performance in activities that naturally precede tutor modules: reading online
instructional text and taking a conceptual knowledge pre-test. The study reported that
the proposed model performed wellconcerning model fitting and learning efficiency.

In the model proposed by Wang et al. (2017), the Item Response Theory (IRT)
model was used to estimate the students’ initial knowledge status and then joined with
the discrimination and difficulty of each skill to evaluate the probability of knowing a
skill before training it. The model combining two theories performed better than the
single models.

6.1.4 Guessing (EA04) and slipping (EA05)

Several research works focused on the guessing and slipping BKT parameters (Agar-
wal et al. 2018; Baker et al. 2008a, 2010, 2008b; Pardos &Heffernan 2011; Zhou et al.
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2017). Only one research on BKT model investigated slipping without investigating
the guessing parameter (Qiu et al. 2011).

Baker and colleagues (2008a, 2008b) proposed the Contextual Guess and Slip
method (CGS-BKT) based on the dynamic estimation of parameters using the contex-
tual information of the action–learning speed and history of help-seeking. In the later
research (Baker et al. 2010), authors combinedCGS-BKTmethodwith theBrute-force
method for the parameter estimation. Also, Agarwal et al. (2018) proposed iterative
technique based on contextual guess and slip estimation that converges to stable esti-
mates for skill-level guess and slip parameters.

Addressing the item difficulty aspect, Pardos and Heffernan (2011) proposed indi-
vidualized guess and slip parameters per each question.

The model proposed by Zhou et al. (2017) assumed that the guessing and slip-
ping probabilities on each step rely on the student ability of each subskill—the more
subskills a step needs, the less possible a student could guess the right answer.

The only model that investigated slipping without guessing was found in the
research by Qiu et al. (2011). The model focused on poor student performance on
the next day of learning and, in that sense, assumed it as forgetting or slipping.

6.1.5 Learning (EA06)

Four studies on enhanced BKT models further researched the learning parameter of
the network architecture (Adjei et al. 2013; Baker et al. 2018; Sao Pedro et al. 2013;
Yudelson et al. 2013).

Adjei et al. (2013) examined if students learned the same amount of knowl-
edge according to whether students get items correct or wrong. The proposed model
assumed different learning rates based on the correctness of a student answer. Allow-
ing learning rates from previous incorrect performances to be higher seems intuitive,
but the experiments showed that this approach did not lead to better predictions.

Already mentioned research by Yudelson et al. (2013) specifically investigated the
learning transition of the BKT’s network architecture by incrementally allowing the
skill learning probabilities. Themodel did not require changes in the Bayesian network
and proved useful along with a wide range of existing gradient descent algorithms.
Adding student-specific learning probability was more beneficial for the model accu-
racy than adding student-specific initial mastery probability.

Sao Pedro et al. (2013) proposed different learning rates to investigate the scaffold-
ing provided by the system and the transfer of skills between divergent topics.

The model proposed by Baker et al. (2018) assumed that learning of content occurs
periodically during the learning and assessment process, typically when video or other
instructional materials are reached. Therefore, the moment for the application of the
regular learning formula was updated. Combined with different guess and slip param-
eters for each skill, the model led to better results.

6.1.6 Forgetting paradigm (EA07)

While the vanilla model omitted the possibility of forgetting the learned knowledge,
several works further investigated this assumption (Beck et al. 2008; Chang et al.
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2006b; Halpern et al. 2018; Khajah et al. 2016; Nedungadi & Remya 2015; Qiu et al.
2011; Yudelson et al. 2008).

While investigating the measures of the effectiveness of tutor interventions, Chang
et al. (2006b) enabled the forgetting parameter in the Bayesian network architecture.
Even though the additional information from the tutor help did not yield a superior
model fit, the reported results emphasized its informativeness.

Yudelson et al. (2008) attempted to learn the memory decay directly from the
individual students’ data using a logarithmic function. The observed time variable
added to the network architecture was discretized logarithmic interval representing
learning within and between problems.

Qiu et al. (2011) investigated the student responses where a day ormore had elapsed
since the previous response, assuming it was a forgetting or slipping parameter. The
result showed a significant improvement in the overall prediction of the forgetting
model, suggesting that forgetting is more likely a cognitive explanation for the data.

The models proposed by Nedungadi and Remya (2015) incorporated forgetting by
updating the knowledge level for a skill based on the duration of the previous attempt at
using the skill. The exponential decay function used the time lag between the prior skill
to update the knowledge level. The results showed a significant increase in prediction
accuracy over the compared models.

Based on the previous forgetting research that focuses on the next attempt at learning
(Qiu et al. 2011, Khajah et al. (2016) focused on the forgetting that can occur on a
much shorter time scale. The proposed model achieved positive results, even as good
as the deep knowledge tracing model.

Halpern et al. (2018) investigated fMRI measurements and improved a learner’s
test performance prediction at a 72-h delay. The three-state model included forgetting
as a decay transition between the learned and unlearned state of the knowledge node.
There is no possibility of forgetting at a permanently learned knowledge state.

6.1.7 Domain knowledge properties (EA08)

The BKT enhancement aspect of domain knowledge properties encompassed the
research on the relations between skills (Chan et al. 2022; González-Brenes et al.
2014; Huang et al. 2016; Huang & Brusilovsky 2016; Khajah et al. 2016; Meng et al.
2019; Sao Pedro et al. 2013, 2014; Sun et al. 2022; Z. Wang et al. 2016), relations
between questions (Hawkins & Heffernan 2014), and the use of video content in
MOOCs (MacHardy 2015; MacHardy & Pardos 2015; Wang et al. 2016).

Sao Pedro et al. (2013) investigated skill transfer between different topics. Learning
rates for each topic allowed the skill transfer across topics. In the later research (2014),
authors improved the methodology and confirmed the transfer of inquiry skills across
examined topics.

Gonzales-Brenes et al. (2014) proposed the Feature Aware Student knowledge
Tracing (FAST) model that allows subskills. By enabling the binary subskill indicator
and using logistic regression, the model estimates slip and guess probabilities as a
function of the subskills in the practice opportunity. The research suggested that the
subskills modelling is important and reported improved results over the compared
approaches.
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Huang and coauthors (2016) examined the importance of multiple skill combi-
nations to gain extra knowledge or produce difficulty not captured by contributing
individual skills. The model introduced mastery nodes, to reflect the idea of granting
skill mastery for each skill based on all the skill combinations’ knowledge levels. The
study reported positive results compared to the vanilla model.

To model interactions between skills, Khajah et al. (2016) proposed an approach
to automatic skill discovery that decides on collapsing of different questions to form
a single skill. For example, if two skills are highly similar or overlapping, such that
learning one predicts learning the other, the research suggested treating this sequence
as a single skill and training a single BKT instantiation on both trials. Combined with
the forgetting and latent abilities, the proposed model achieved results similar to the
neural network-based model.

Wang et al. (2016) investigated the BKT application in the MOOC environment.
Based on the chapters and related videos, the proposedmodel assumed amulti-grained
BKT model. When a student masters coarse-grained KC, the probability of mastering
one of its fine-grained KCs depends on the probability considering the average correct
rate of relevant questions. The study reported improved results over the vanilla model.

Meng et al. (2019) examined the relationship between different knowledge nodes by
assuming that the understanding of a certain skill will also deepen, to some extent, the
understanding of other skills. Utilizing the parametric matrix of skills initially defined
by experts, the gradient descent technique allowed the training of the parameters
according to the student’s answer data. The proposedmodel achieved higher prediction
accuracy than the vanilla model.

If the vanilla BKT simultaneously traced the cognitive states of students’ multiple
skills, its time complexity would increase exponentially with the number of skills.
Sun et al. (2022) proposed a genetic algorithm and the multi-skills BKT that handles
multiple skills simultaneously. Experiments on real datasets showed that the model
significantly improved prediction performance over the BKT.

The recent research of Chan et al. (2022) proposed Corrigible Knowledge Tracing
(CKT) that assumes students can learn from mistakes in answering multi-skill ques-
tions. The experiment results showed that the performance of the proposed model is
on par with state-of-the-art approaches.

Hawkins and Heffernan (2014) investigated the relations between questions. Their
model investigated how the similarity between the question the student is currently
working on and the one the student worked on just before it impacts the performance.
The additional node in the network architecture depends onwhether the same template
generates the previous question as the current one. The results revealed moderate
improvement over the vanilla model.

Along with the already mentioned research (Wang et al. 2016), Machardy and Par-
dos investigated the application of BKT to the MOOC (2015). Exploring the inclusion
or omission of video activity, the study investigated the relevance of video lectures
to associated assessments. The study demonstrated that video observations can offer
information relevant to student behaviour prediction.
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6.1.8 Question difficulty (EA09)

Although first investigated in 2010 as part of the scaffolding process by the system
(Wang et al. 2010; Wang & Heffernan 2013), equal question difficulty assumption
proved to be a significant drawback of the vanilla model. Penalizing the overall score
when a student used the hint or multiple attempts to answer the question indirectly led
to the question difficulty.

The introduction of the question difficulty into the vanilla model was part of several
enhanced models (Baker et al. 2018; David et al. 2016; González-Brenes et al. 2014;
Khajah et al., 2014, b; Ostrow et al. 2015; Pardos et al. 2013; Pardos & Heffernan
2011; Zhou et al. 2017).

The Item difficulty effect model (KT-IDEM) (Pardos et al. 2013; Pardos & Hef-
fernan 2011) and the BKT model for periodic learning (Baker et al. 2018) introduced
various difficulties by individualizing guess and slip parameters per each question.

The latent factors model introduced by Khajah et al. (2014b) investigated the esti-
mation ofBKTparameters per skill, question, and student,while the FAST-BKTmodel
(Gonzalez-Brenes et al. 2014) substituted the logistic regression with coefficients for
each skill and each item.

The further research of Khajah and coauthors (2014) and the model proposed by
Zhou et al. (2017) incorporated the Item Response Theory (IRT) to deal with question
difficulty.

Ostrow et al. (2015) used the per cent correct measure to define the question diffi-
culty, unlikeDavid et al. (2016),whoused aweighted score per question and sequenced
the content based on the enhanced BKT model.

6.1.9 Multiple attempts (EA10)

While the vanilla model takes into account only the first answer attempt, several pub-
lications proposed improvements on this assumption by taking into account student’s
multiple attempts (Bhatt et al. 2020; Gonzalez-Brenes et al. 2014; Pardos et al. 2013;
Yudelson et al. 2008).

Modelling all answer attempts in the ITS environments was proposed by Yudelson
et al. (2008) and Gonzales-Brenes et al. (2014).

Pardos et al. (2013) enabled multiple answer attempts in the MOOC platform indi-
cating it is important for the knowledge modelling process. Students were allowed
unlimited answer attempts in homework assignments, but only three in midterm and
final exam.

Bhatt et al. (2020) examined multiple attempts in the BKT model for the online
learning platform in human resources training.Open navigation online learning system
allowed learners to choose the next learning activity. The study investigated whether
predicting proficiency and communicating it to learners can save time for learners
within a course. The proposed model resulted in the more accurate proficiency pre-
diction.

The indirect use of the exact number of attempts in the context of the partial score
per question was also part of the BKT research (David et al. 2016; Ostrow et al. 2015;
Wang et al. 2010; Wang & Heffernan 2013).
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6.1.10 Student characteristics (EA11)

Student characteristics were used in 20 enhanced BKT models, making it the most
frequent aspect of BKT enhancements. Most of the research incorporated individual
features of various student learning abilities (Agarwal et al. 2018; Baker et al. 2008a,
2010, 2008b; Eagle et al. 2018; Gorgun & Bulut 2022; Khajah et al. 2016; Khajah,
Wing, et al., 2014; Nedungadi & Remya 2014; Yudelson 2021; Zhu et al. 2018).

Baker and coauthors (Agarwal et al. 2018; Baker et al. 2008a, 2010, 2008b) pro-
posed already mentioned contextual estimation of guess and slip probabilities based
on action–learning speed and history of help-seeking.

To account for individual variation in student ability, the extended BKT models
modulated the slip and guess probabilities by a latent ability parameter inferred from
the data (Khajah et al. 2016; Khajah et al., 2014a). The models assumed that stu-
dents with stronger abilities have a lower slip and higher guess probabilities. When
the models interacted with new students, they initially used the posterior predictive
distribution on abilities. As they observed responses from the new student, uncertainty
in the student’s ability diminished, yielding better predictions for the student.

Themodel byNedungadi andRemya (2014) aimed to improve student performance
prediction using an enhanced BKT model with individual priors for each student and
skill, and dynamic clustering of students based on changing learning ability.

Eagle et al. (2018) provided individualization by proposing themodel fit per student
and revealed that we can effectively predict the student parameters for the new lesson
by using features derived from prior lessons, and before tutor text-reading data.

Zhu et al. (2018) proposed a model that incorporated the detection of the cognitive
inflection points where examinees’ cognition levels change a lot, and then integrated
that information into a refined BKT model to quantify the knowledge state accurately.

The recent research by Yudelson (2021) focused on the individualization of BKT
using a mechanism of an Elo rating schema initially used to rate chess players.

While the focus of the recent research by Gorgun and Bulut (2022) was to analyse
the improvement of prediction accuracies of BKT models, the researchers did not
include the disengaged student behaviours found in data (i.e. hint abusers and rapid
guessers). By dealing with this specific noise in data, the prediction accuracy of BKT
models substantially increased.

Other student characteristics also included mental state measures (EEG) (Xu et al.
2014), affective states (Corrigan et al. 2015; Spaulding et al. 2016), eye-tracking data
(Rau & Pardos 2016), response time (Lin et al. 2016; Lin & Chi 2016), and brain
activity measures (fMRI) (Halpern et al. 2018).

Besides changes in the network architecture, the research on the network parameters
allowed the individualization of the BKTmodel (Khajah et al., 2014a; Lee&Brunskill
2012; Pardos et al. 2012; Wang & Heffernan 2012).

6.1.11 Tutor interventions (EA12)

Tutor interventions as help or hints were also frequently investigated enhancement
aspect of the BKT model (Agarwal et al. 2018; Baker et al. 2008a, 2010, 2008b; Beck
et al. 2008; Chang et al. 2006b; Lin et al. 2016; Lin & Chi 2016; Ostrow et al. 2015;
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Rau & Pardos 2016; Schodde et al. 2017; Wang et al. 2010; Wang & Heffernan 2013;
Yudelson et al. 2008).

Yudelson (2008) proposed a model that treats hints differently from mistakes,
including the hint request as the third observable performance state.

The Help BKTmodel (Beck et al. 2008; Chang et al. 2006b) considered two effects
of tutor help, including the scaffolding of immediate performance and persistent learn-
ing/knowledge.

Contextual guess and slip method used information on help-seeking (Agarwal et al.
2018; Baker et al. 2008a, 2010, 2008b).

The models proposed by Ostrow et al. (2015), andWang and coauthors (Wang et al.
2010; Wang & Heffernan 2012) incorporated hints.

The interventionBKTmodel (Lin et al. 2016; Lin&Chi 2016) incorporated instruc-
tional interventions by the system and the student response time into the enhanced
model.

The model with eye-tracking data (Rau & Pardos 2016) also assumed hints.
Schodde et al. (2017) investigated the impact of tutoring actions on the subsequent

observations and skills in the environment of a child-robot language tutor.

6.1.12 Noise in data (EA13)

In addition to the student characteristics and tutor interventions, as enhancements not
assumed in the vanilla model, the noise in data was also part of the further research
(Beck & Sison 2004; Falakmasir et al. 2015; Gorgun & Bulut 2022).

Beck and Sison (2004) investigated the automated speech recognition domain and
proposed the enhanced BKT model to treat noisy data.

Falakmasir et al. (2015) proposed amodel that used feature compensation andmodel
compensation paradigms to conceptualize a more flexible and robust BKTmodel. The
proposed model used 3-grams of the binary sequences of student answers to deal with
the noise in the observations.

Gorgun and Bulut (2022) investigated the disengaged student behaviour (i.e. hint
abusers and rapid guessers) as the noise in data. During the data pre-processing phase,
the researchers removed these behaviours. The results showed an increase in the pre-
diction accuracy of the examined models.

6.1.13 Computational methods (RQ1)

The increased interest in the researchof the expectation–maximizationmethod resulted
in the detection of difficulties.

Althoughfirstly reported as themodel identifiability problem (Beck&Chang 2007),
Doroudi and Brunskill (2017) revealed that under mild conditions on the parameters,
the BKTmodel is identifiable and it ‘only’ suffers from the local optima problem. The
recent open-source accessible and computationally efficient Python library of BKT
models—pyBKT (Badrinath et al. 2021), also includes the expectation–maximization
method to fit the BKT parameters. Since the expectation–maximization algorithm is
susceptible to converging to the local optima of the likelihood function rather than
converging to the global optimum (local optima problem), the pyBKT runs multiple
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iterations of the algorithm with different initializations of the parameters to avoid this
problem.

As reported, the expectation–maximization method is prone to semantic model
degeneracy and can be inconsistent with the conceptual assumptions underlying the
BKT model (Doroudi & Brunskill, 2017).

6.2 Evaluation approaches (RQ2)

RQ2: Which evaluation approaches, including data collected from educational plat-
forms and performancemeasures were part of the research on the BKT enhancements?

Regarding the increased use of the Cognitive Tutor and ASSISTments-based
datasets, it is important to note thesewere the only publicly available datasets identified
in the review. They were part of the Educational Data Mining KDD Cup Challenge,
hosted by PSLC DataShop (2010), which highly contributed to the awareness of the
importance of replicability and comparison of the proposed models.

By using the typical metrics for classification tasks in the machine learning field,
the research of BKT enhancements included two types ofmodel evaluations, including
(i) the prediction of in-tutor performance as the correctness of the following student’s
answer and (ii) the ability to estimate overall knowledge mastery. The literature fre-
quently reported on the first type of evaluation and performance measures as RMSE,
AUC–ROC and accuracy. In terms of knowledge mastery prediction, only a few
research studies investigated the relationship between knowledge estimated by the
system and knowledge demonstrated on the post-test outside of the system’s envi-
ronment (Baker et al. 2010; Beck & Sison 2004; Lin et al. 2016; Lin & Chi 2016;
Schodde et al. 2017; Yudelson et al. 2008). In the latter case, the correlation was a fre-
quent model performance measure. The researchers typically compared the proposed
models to the vanilla BKT model. While most of the enhanced BKT models reported
better results than the vanilla model, there is research that reported unexpected and
mixed results for both types of evaluation approaches. The discussion of the previ-
ous results in the following paragraphs also represents the methodological note to the
further research of BKT enhancements.

The unexpected performance results as the model drawbacks were reported in the
case of the Help BKT model (Beck et al. 2008; Chang et al. 2006a), the Affective
BKT model (Corrigan et al. 2015), the BKT with the eye-tracking model (Rau &
Pardos 2016) and the model by Adjei et al. (2013). The parameters of the Help BKT
model suggested that students benefited from the scaffolding and teaching effects of
help. Despite that information, the Help BKT model did not outperform the vanilla
model. The possible reason for such results may be the overfitting of the data. In
the case of the Affective BKT, the model did not offer additional predictive power
beyond the vanilla model, probably due to the lack of variability in the binary affective
state measured across student responses. The BKT with eye-tracking data did not add
information relevant to students’ representation skills, possibly for the same reason
as the Affective BKT. Adjei et al. concluded that the different learning rates based on
the answer correctness did not lead to better model predictions.
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In terms of themixed performance results, several research studies reported ambigu-
ous results dependent on the educational settings, including the BKT with Contextual
guess and slip method (CGS-BKT) (Baker et al. 2008a, 2008b), the Item Difficulty
Effect Model (KT-IDEM) (Pardos & Heffernan 2011), the Student Skill BKT model
(SS-BKT) (Wang & Heffernan 2012) and the BKT with tutoring actions (Schodde
et al. 2017). Besides predicting in-tutor performance, the CGS-BKT investigated the
student performance on the post-test outside the system.While the CGS-BKT showed
better results than the vanilla model in predicting in-tutor performance, the model
performed much more poorly on the post-test. In the case of the KT-IDEM, the model
provided reliably better in-tutor performance prediction on the ASSISTments dataset
but was not significantly different from vanilla model in the case of the cognitive tutor.
Also, the SS-BKT model was investigated under the simulated conditions and outper-
formed the vanilla model only when the number of students and skills were large. As
in the case of the CGS-BKT, the BKT with tutoring actions did not significantly differ
from the vanilla model in the post-test results.

Despite the variety of BKT models over the years, the accessible and easy to use
BKT implementations remained elusive. There were only three available BKT imple-
mentation frameworks, including the Bayes Net Toolbox (Chang et al. 2006a; Murphy
2001), the hmm-scalable implementation (Yudelson et al. 2013) and the approach pro-
posed for MOOC resources by Xu et al. (2015). The recent positive example is the
pyBKT library (Badrinath et al. 2021), an accessible and computationally efficient
BKT implementation framework.

7 Conclusion

It has been Twenty-five Years of BKT research, and the vanilla model is still a
representative probabilistic Bayesian network-based approach. Over the years, var-
ious improvements have been proposed in the literature, mostly outperforming the
vanilla model, but their limited availability negatively affected their further applica-
tion. Even the latest research on deep learning-based knowledge tracing revealed that
only enabling the forgetting parameter in the vanilla model led to similar results as
the neural network-based model.

Because of the specificities of the educational platforms and subsets of data used to
train the models, there is no possibility to compare the achieved performance results
of the proposed enhanced models. Moreover, there has been no systematic review of
the BKT enhancements since its introduction, as the existing research reviewed only
subsets of improved models. The most extensive student modelling review focused
on ML approaches and encompassed 18 student models based on Bayesian networks
(Liu et al. 2021b). The other review study elaborated on the 8 BKT models from 2010
to 2015 (Sani et al. 2016). The systematic review from 2013 discussed the 13 ML
student models and 18 Bayesian network-based models (Chrysafiadi & Virvou 2013).
In addition, each publication that proposes an enhanced BKT model also provides
only a subset of the background literature because of the limited format and differ-
ent purposes. Finally, this study brings a systematic and more exhaustive review by
encompassing 62 BKT models that aimed to enhance the vanilla model.
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To summarize the research on the BKT enhancements, we proposed a unique set
of criteria, including 10 enhancement aspects based on the vanilla model assumptions
and 3 ones new to the vanilla model. The most frequently improved aspects were addi-
tional to the vanilla model and included student characteristics and tutor interventions.
The other commonly investigated enhancement aspects were the domain knowledge
properties (assumed as independent knowledge components in the vanilla model) and
the question difficulty (taken as constant in the vanilla model), representing the edu-
cational context-based enhancements. Although less investigated in the literature, the
obvious drawbacks of the vanilla model referred to the binary states and exclusion.
As suggested in the reference literature, the uncertainty and fuzziness in this con-
text would be more appropriate. Besides the previous, knowledge does fade, and as
research shows, it occurs in such a short period that the inclusion of the forgetting
parameter is mandatory.

Overall, the BKT enhancement aspects can be differed as generally applicable and
dependent on the capabilities of educational settings.Whilemost enhancement aspects
already defined by the vanilla model represent generally applied enhancements, if
the educational environment enables specific features (e.g. student characteristics and
tutor interventions), the research suggests checking their contribution to the knowledge
inference process.

Besides the previous aspects, the BKT models were reviewed regarding the
incorporated computational methods. The enhanced models generally improved the
expert-based estimations of BKT parameters per skill assumed by the vanilla model.
The early introduction of the expectation–maximization method proved efficient and
has become the standard in this context. However, we expect that the novel ML meth-
ods will eventually contribute to the research challenges related to the BKT.

Various ITSs and MOOCs represent a broad testing ground for future research,
and standard performance measures ensure future comparisons of the results. While
the enhanced models generally included the prediction of in-tutor performance as the
evaluation approach, future research should focus on knowledge mastery because the
duration of the teaching and learning process depends on it. The literature suggests
using additional post-tests to examine the same domain knowledge using questions
similar to those in the examined educational platform.

The major limitation in the BKT research is model availability. A positive example
in this context is the pyBKT library (Badrinath et al. 2021), a recently introduced
accessible and computationally efficient BKT implementation framework. Besides
general features, the generalized BKT model requires an accessible and easy to use
implementation framework.

This systematic review of the BKT enhancements is unbiased, exhaustive, and
inspiring for future research.
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